Abstract. The tropical convex hull of a finite set of points in tropical projective space has a natural structure of a cellular free resolution. Therefore, methods from computational commutative algebra can be used to compute tropical convex hulls. This approach is computationally competitive with combinatorial methods. Tropical cyclic polytopes are also presented.
Introduction
The tropical semiring (R, ⊕, ⊙) is the set R of real numbers with two binary operations called tropical addition ⊕ and tropical multiplication ⊙ defined as a ⊕ b = min(a, b), and a ⊙ b = a + b, for all a, b ∈ R.
Then R n has the structure of a semimodule over the semiring (R, ⊕, ⊙) with tropical addition (x 1 , . . . , x n ) ⊕ (y 1 , . . . , y n ) = (x 1 ⊕ y 1 , . . . , x n ⊕ y n ), and tropical scalar multiplication c ⊙ (x 1 , . . . , x n ) = (c ⊙ x 1 , . . . , c ⊙ x n ).
A set A ⊂ R n is called tropically convex if for all x, y ∈ A and a, b ∈ R also (a ⊙ x) ⊕ (b ⊙ y) ∈ A. Notice that we do not put any extra condition on a and b as in usual convexity. The tropical convex hull tconv(V ) of a set V ⊂ R n is the minimal tropically convex set containing V in R n with respect to inclusion. Also, tconv(V ) = {(a 1 ⊙ v 1 ) ⊕ · · · ⊕ (a r ⊙ v r ) : v 1 , . . . , v r ∈ V and a 1 , . . . , a r ∈ R}.
Since any tropically convex set A is closed under tropical scalar multiplication, we identify it with its image under the projection onto the (n − 1)−dimensional tropical projective space TP n−1 = R n /(1, . . . , 1)R.
We refer to [2] for a more extensive introduction to tropical convexity. Let V = {v 1 , . . . , v r } ⊂ TP n−1 , v i = (v i1 , . . . , v in ), and P = tconv(V ). Let S = R[x 11 , . . . , x rn ] be the polynomial ring over R with indeterminates x ij for i ∈ [r] = {1, . . . , r} and j ∈ [n] = {1, . . . , n}. Let the weight of x ij be v ij and the weight of a monomial x a = x a ij ij ∈ S be the dot product a ij v ij . For a polynomial f = c i x a i we define its initial form in V (f ) to be the sum of terms c i x a i such that x a i has a maximal weight. Let J be the ideal generated by the 2 × 2 minors of the r × n matrix [x ij ]. Let I = in V (J) = in V (f ) : f ∈ J be the initial ideal of J with respect to V . If V is sufficiently generic, the initial ideal I is a square free monomial ideal, as we will see later. The square free Alexander dual I * of a square free monomial ideal I = x a 1 , . . . , x a k is
where each a i is a 0 − 1 vector, and m b = x j : b j = 1 . See [5, 9] for details.
The tropical convex hull P has a natural structure of a polyhedral complex as we will describe later. The following is our main result. Theorem 1. For a sufficiently generic set of points V in TP n−1 , the tropical convex hull P = tconv(V ) supports a minimal linear free resolution of the ideal I * , as a cellular complex.
This theorem gives us the following algorithm for computing the tropical convex hull of a finite set of points in tropical projective space.
Algorithm 2.
Input: A list of points v 1 , . . . , v r ∈ TP n−1 in generic position. Output: The tropical convex hull of the input points. Algorithm:
1. Set J = 2 × 2 minors of the r × n matrix [x ij ] . 2. Compute I = in V J.
3.
Compute the Alexander dual I * of I. 4. Find a minimal free resolution of I * .
Output the desired data about the tropical polytope.
A typical output for r = 4 and n = 3 is depicted in Figure 1 . The ten grids represent square free monomials in S of degree six, where each unshaded box represents an indeterminate in the monomial. The cell complex is the minimal free resolution of their ideal.
Since the set of 2 × 2 minors of a matrix is fixed under transposition, we immediately see the duality between tropical convex hulls of r points in TP n−1 and n points in TP r−1 , as shown in [2] . The rest of this paper is organized as follows: In Section 2 we prove Theorem 1 and demonstrate the algorithm with a detailed example. In Section 3 we deal with algorithmic and computational aspects. We suggest ways to deal with non-generic points and to get an exterior (halfspace) description of the tropical polytope. We also discuss the efficiency of this algorithm. Finally, we study tropical cyclic polytopes in Section 4. 
From Geometry to Algebra and Back
We first describe the polyhedral complex structure of the tropical polytope P. Let W = R r+n /(1, . . . , 1, −1, . . . , −1)R. Define an unbounded polyhedron as follows:
By [2] , there is a piecewise linear isomorphism between the complex of bounded faces of P V (see Figure 2 ) and the tropical polytope P given by the projection (y, z) → z. The boundary complex ∂P V of P V is polar to the regular polyhedral subdivision of the product of simplices ∆ r−1 × ∆ n−1 induced by the weights v ij . We denote this regular subdivision by (∂P V ) * . More precisely, a subset of vertices (e i , e j ) of ∆ r−1 × ∆ n−1 forms a cell of the subdivision (∂P V ) * if and only if the equations y i + z j = v ij indexed by these vertices specify a face of the polyhedron P V .
Let A denote the (r + n) × rn integer matrix whose column vectors are the vertices (e i , e j ) of ∆ r−1 × ∆ n−1 , where i ∈ [r], j ∈ [n]. This defines a homomorphism Z rn → Z r+n by e ij → (e i , e j ). Let L denote the kernel of this homomorphism. The ideal J of 2 × 2 minors is the (toric) lattice ideal
See [5, Chapter 7] or [9, Chapter 8] for more details about lattice ideals and toric ideals.
Lemma 3. The initial ideal I is independent of the representatives of the points v i in the tropical projective space. In other words, if (1, 1, . . . , 1) is added to any v i , the initial ideal I remains the same.
Proof. Let u be an r × n matrix with a row of 1's and 0 everywhere else. Then u is in the image of the transpose of A, so it is orthogonal to L. For the lattice ideal I L , any reduced Gröbner basis contains only binomials x a − x b where a − b ∈ L. For any such binomial,
In the rest of this section, we will assume that the points v 1 , . . . , v r are in generic position. The following is a list of equivalent characterizations of being generic. (1) The initial ideal I is a monomial ideal. (1) ⇐⇒ (2): Statement (1) is equivalent to V being in the interior of a full dimensional Gröbner cone of the Gröbner fan of the lattice ideal I L . Statement (2) means that V is in the interior of a full dimenional cone of the secondary fan N (Σ(A)) that is the normal fan of the secondary polytope of A (for details see [9] ). By [9, Proposition 8.15(a)], these two fans coincide if A is unimodular, i.e., all invertible rank(A) × rank(A) submatrices have the same determinant up to sign. We will check condition (iv) of [8, Theorem 19.3] . Fix a collection of rows of A. Split it according to containment in the upper r × rn submatrix of the (r + n) × rn matrix A. Then the sum of the rows in each part is a 0 − 1 vector. Hence all submatrices of A have determinants 0 or ±1, so A is unimodular.
It also follows from the unimodularity that all generic initial ideals of J are square free [9, Corollary 8.9] . Let ∆ V (J) be the initial complex of J, i.e., the simplicial complex whose Stanley-Reisner ideal (see [5, 9] ) is I = in V (J) which is monomial in the generic case. We can identify a square free monomial m ∈ S with the set of indeterminates x ij dividing m. The vertices of ∆ V (J) are x ij , and the minimal generators of I are the minimal non-faces of ∆ V (J). Moreover, the minimal generators of the Alexander dual I * are the complements of the maximal cells of ∆ V (J). The following lemma establishes a connection between the ideal J and the tropical convex hull.
Lemma 5.
We have an isomorphism ∆ V (J) ∼ = (∂P V ) * , as cell complexes. In particular, there is a bijection between maximal cells of ∆ V (J) and those of (∂P V ) * induced by x ij ←→ (e i , e j ).
Proof. The ideal J is the lattice ideal with respect to the matrix A as defined above. The (ordinary) convex hull of all the columns (e i , e j ) of A is the product of two simplices ∆ r−1 × ∆ n−1 . By [5, Theorem 7 .33] or [9, Theorem 8.3] , the simplicial complex ∆ V (J) is isomorphic to the regular subdivision (∂P V ) * of ∆ r−1 × ∆ n−1 induced by the weights V .
We will show that if V is generic, we can label the vertices of P V by the minimal generators of I * so that P V gives a cellular resolution of I * . We will first prove a general lemma which can be applied to P V in the generic case.
Lemma 6 ([5, Section 4.3.6 and Exercises 4.5-6]). Every simple polyhedron (possibly unbounded) supports a minimal linear free resolution of a square free monomial ideal on the complex of its bounded faces.
For the proof, we will need the following. Let X b denotes the subcomplex of X consisting of all faces with labels coordinatewise at most b.
Proposition 7 ([5, Proposition 4.5]).
The cellular free (algebraic) complex supported on a labelled cell complex X is a cellular resolution if and only if X b is acyclic over the ground field k for all vectors b with non-negative integer entries. When the complex is acyclic, it is a free resolution of S/I where I is the ideal generated by the monomial labels of the vertices.
Proof of Lemma 6. Let P be a simple polyhedron in R d . Let F 1 , . . . , F m denote the facets of P , and label each face G of P by
Since the monomial labels are square free, this proves that
i.e., P is a labelled cell complex. Let X be the complex of bounded faces of P . Then X is still a labelled cell complex because all the vertices are in X. We will now check the criterion of acyclicity in Proposition 7 above to show that X supports a cellular resolution. Since the monomial labels of X are square free, we only need to consider 0 − 1 vectors b. Then
which is the bounded complex of a (possibly empty) polyhedron, so X ≤b is either empty or contractible, hence acyclic over any field k. Therefore, X supports a cellular resolution of the ideal generated by the monomial labels of the vertices of X, or P . Moreover, for any monomial label x a , there is a unique face a i =0 F i labelled by x a , so the free resolution is minimal. In addition, since P is simple, every k−dimensional face is contained in d − k facets, where d = dim(P ). Let m be the number of facets of
This proves that the cellular resolution on X is linear.
In fact, there is only one minimal free resolution of I * up to isomorphism.
Lemma 8. All minimal free resolutions of I * are isomorphic.
Proof. The result follows from the general fact that minimal free resolutions of graded modules are unique up to isomorphism. Since S is a naturally graded ring and the Alexander dual I * is a monomial ideal since I is, S/I * is a graded module. In particular, all the graded Betti numbers (the monomial labels) are the same.
We can now prove Theorem 1 stated in the introduction.
Proof of Theorem 1. Suppose V is generic. Then P V is simple. Hence, by Lemma 6 the tropical convex hull P, which is the complex of bounded faces of P V , supports a minimal linear free resolution of the ideal generated by the monomial labels on its vertices. We only need to show that the labels from Lemma 6 are precisely the minimal generators of I * . The facets F ij of P V are defined by equations y i + z j = v ij . Let x ij be the indeterminate corresponding to F ij . Let m ∈ S be a monomial. Then
⇐⇒ m is a minimal generator of I * .
The third equivalence follows from Lemma 5.
Corollary 9. The minimal generators of the ideal I * have the same degree.
For a face F we can also write its label as x a F = y i +z j <v ij x ij . To have a more intuitive notation, throughout the paper we will use an r × n grid shaded at position (i, j) if x ij does not divide x a F . So the support of x a F is left unshaded in the grid. See Figure 3 for an example. Grids shaded in this fashion have an interesting geometric interpretation. Let C j = cone{e i : i = j} be the closed cone which is the conical (positive) hull of all but one standard unit vectors. Suppose z = (z 1 , . . . , z n ) ∈ P is in the relative interior of a cell with label x az , and it is the image of the point (y, z) ∈ P V . Then
So shaded regions in a grid list the input vertices v i according to their position with repect to the sectors z + C j . See Figure 5 (b). The dimension dim(U ) of any subset U of TP n−1 is the affine dimension of its projection {u ∈ R n : (0, u) ∈ U } onto the last n − 1 coordinates. The following lemma follows immediately from the proof of Theorem 1.
Lemma 10. With the notation from above, for a face F it holds that
The monomial labelling we just described is essentially the same as the labeling by types introduced in [2] . Specifically, for any point z in the relative interior of a cell F in P with type(z) = (S 1 , . . . , S n ), we have i ∈ S j if and only if x ij does not divide x a F . The following result follows from [2, Lemma 10].
Lemma 11. Given the monomial label x az of a vertex z, its coordinates can be computed by solving the linear system
Example 12. (Four Points in TP 2 .) Assume we are given the following points in TP 2 (r = 4, n = 3):
They determine the tropical polytope shown in Figure 1 . Note that I is not generated in degree 2.
The minimal free resolution of I * is of the form
with matrices M 0 , M 1 and M 2 , say, in the monomial matrix notation of [5, Section 1.4]. The Alexander dual I * is generated by the row labels of M 1 which are all of the same degree. The tropical convex hull consists of 10 zero-dimensional faces (vertices), 12 one-dimensional faces (edges), and 3 two-dimensional faces.
In Tables 1 and 2 we see the monomial matrices M 1 and M 2 . The rows of M 1 , for example, are labeled by the monomials labelling the vertices of the tropical polytope (compare with Figure 1) , the columns by the monomial labels of the edges (not shown here). Table 2 . Monomial matrix M 2 in Example 12.
Algorithmic and Computational Aspects
Algorithm 2 gives the combinatorial structure of the tropical convex hull. We shall explain how to extract this information.
Let 0 ← S/I * ← F 0 ← · · · ← F m be the free resolution computed by the algorithm and, let M i : F i → F i−1 denote the monomial matrices defining the boundary maps. Since the free resolution is linear, the row labels of the matrix M i are in one-to-one correspondence with the faces of dimension i − 1, its column labels with the faces of dimension i. An entry in M i is nonzero if and only if the face corresponding to its row is a subface of the face corrresponding to its column. Therefore the number of i−dimensional faces with k facets in the tropical convex hull is equal to the number of columns of M i having k nonzero entries. The algorithm also detects the maximal faces of the tropical convex hull. A face F is maximal if and only if it has dimension n − 1 or the row in M dim(F ) labeled by x a F consists only of zeros.
We can also compute the f −matrix [f ij ] (0 ≤ i ≤ n−1, 1 ≤ j < ∞) whose entries are the numbers f ij of faces having dimension i and j vertices. We already know the f −vector, which is the sum of columns in the f −matrix. The following result in [2] was obtained by counting regular triangulations of ∆ r−1 × ∆ n−1 .
Proposition 13 ([2, Corollary 25]).
All tropical convex hulls of r generic points in TP n−1 have the same f −vector. The number of faces of dimension i is equal to the multinomial coefficient
Example 14. (Four Points in TP 2 -continuation of Example 12.) The eighth row of M 1 corresponds to the vertex v 1 (see Figure 1 ): It contains only one nonzero entry, so the vertex v 1 is contained in only one edge. The first column of M 2 represents the two-dimensional face f 1 having five facets. This is reflected in five nonzero entries in that column. The face f 2 with three facets correspond to the second column which has 3 nonzero entries, and the last column of M 2 to f 3 . The eighth row of M 2 is a zero row. This shows that the one-dimensional face e is not contained in any other face, so it is maximal. The f −matrix of this polytope is Lemma 15. Let F be a face of P with grid a F and let b be a grid arising from a F by unshading one entry such that no row or column is completely unshaded. Then there is a face G of P with a G = b.
It is easy to see that every face arises as a result of unshading some boxes as in Lemma 15, and every such process gives a face. This observation leads to an algorithm replacing the computation of the free resolution in Algorithm 2 : Starting out with the grids of the vertices, process the reduction described in the lemma as long as possible and group the derived grids according to being subfaces of a common face.
Non-generic Input Vertices. We can extend Algorithm 2 to handle points in non-generic position. We suggest the following algorithm without proof.
Algorithm 16.
Input: Points v 1 , . . . , v r ∈ TP n−1 (not necessarily generic). Output: The tropical convex hull of the input points. Algorithm: 11111 000000000 111111111 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 00000 Tropical Halfspaces. Tropical halfspaces introduced in [4] give us an exterior description of tropical polytopes. We can extend our algorithm to find such a description. A tropical hyperplane defined by the tropical linear form b = (b 1 , . . . , b n ) ∈ TP n−1 is the set of points x = (x 1 , . . . , x n ) ∈ TP n such that the minimum
is attained at least twice. The point −b ∈ TP n−1 is called the apex of that hyperplane. See Figure 5(a) for an example. Equivalently, the tropical hyperplane at the apex a ∈ TP n is the set which is the union of the boundaries of the sectors a + C i . A closed tropical halfspace described by a pair (a, A),
, is the union i∈A a + C i of closed sectors (see Figure 5(c) ).
The tropical polytope P is the intersection of the closed tropical halfspaces containing it [4, Lemma 3.1]. The set of closed tropical halfspaces containing P is partially ordered by inclusion. A closed tropical halfspace is called minimal with respect to P if it is minimal in this partial order. The apex of a closed tropical halfspace that is minimal with respect to P must be a vertex of P on the boundary [4, Lemma 3.6]. Let v be such a vertex with monomial label x av . Recall that x ij does not divide x av if and only if v i ∈ v + C j . It is clear from the tropical convexity of P that the halfspace defined by (v, A) contains P if and only if it contains all the input vertices v 1 , . . . , v r . Equivalently, for each i there is a j such that x ij does not divide x av . Therefore, P is the intersection of the halfspaces given by (v, A) such that v is a vertex of P and A is a subset of columns in the corresponding grid of v such that the unshaded boxes in those column cover all the rows. This description is redundant in general. We may be able to refine this result as follows.
Conjecture 18. In the generic case, a minimal half space with respect to P can be described by (v, A), v ∈ TP n−1 , ∅ = A [n] such that v is a vertex of P with label x av , and in the corresponding grid, the unshaded boxes in the columns corresponding to A form a partition of [n].
The converse of the conjecture above is not true, i.e., there are nonminimal halfspaces of the form described.
Experiments with Computation Time. Tables 3 and 4 show computation times for computing tropical cyclic polytopes (which will be defined in the next section). Because of the symmetry between r and n, we only need to fill out half of the table. Each box in the table contains the time (in seconds) it takes to compute the initial ideal I, the Alexander dual I * , and the free resolution of I * , in that order, using Macaulay 2 [3] on a Sun Blade 150 (UltraSPARC-IIe 550MHz) computer with 512MB memory. We conclude that the Alexander dual is the bottle neck. The computation time for Alexander dual may be reduced by using the Monos Language for Monomial Decompositions by R. A. Milowski [6] . The symbol * in the tables means that the computation in Macaulay 2 did not terminate in a reasonable amount of time. The main problem is the insufficient amount of memory. Table 4 shows the computation times for small n and large r for tropical cyclic polytopes; Table 5 shows various computation times for random input points in comparison to the cyclic polytope involving ten points in TP 3 .
Tropical Cyclic Polytopes
Define tropical cyclic polytopes as C r,n = tconv{v 1 , . . . , v r } ⊂ TP n−1 , where Table 5 . Comparison of computation times for cyclic polytopes and random polytopes (r = 10, n = 4).
this is tropical exponentiation. The C r,n are generic because the minimum in any k × k minor of the matrix [v ij ] is attained uniquely by the antidiagonal. An example of a tropical cyclic polytope is shown in Figure 6 (a). We will show that the set of 2 × 2 minors of [x ij ] forms a Gröbner basis with respect to V , using the Buchberger Algorithm. If the leading terms of two 2 × 2 minors do not contain a common indeterminate, then both terms in the corresponding S-polynomial are divisible by one of the original 2 × 2 minors. Suppose they have the form x ij x kl −x il x kj , and x ij x pq −x iq x pj . Then the S-polynomial is x il x kj x pq − x iq x pj x kl . The weights of the monomials are two of the terms in the 3 × 3 minor of [v ij ] corresponding to rows i, k, p and columns j, l, q. The unique minimum of this minor is attained by the antidiagonal. Therefore the leading term of the S-polynomial cannot be the antidiagonal, so it is divisible by the leading term of a 2×2 minor. Hence the initial ideal I is the diagonal initial ideal generated by the binomials which are on the diagonals of the 2 × 2 minors. This correspond to the staircase triangulation of ∆ r−1 × ∆ n−1 . Consider a path in an r × n grid representing indeterminates x ij , which goes from the lower left corner to the upper right corner, only moving either right or up at each step as in Figure 6 (b). Such paths are precisely the maximal sets, with respect to inclusion, that do not contain any set {x ij , x kl }, i < k, j < l. Hence their complements correspond to the minimal generators of the Alexander dual I * , which are the monomial labels of the vertices of C r,n . 1  000000000 111111111  000000000 111111111  000000000 111111111  000000000 111111111  000000000 111111111  000000000 111111111  000000000 111111111 000  000  111  111  000  000  111  111  000  000  111  111  000  000  111  111  000  000  111  111  000  000  111  111 000  000  111  111 000  000  111  111 000  000  111  111 000  000  111  111 000  000  111 1  000000000 111111111  000000000 111111111  000000000 111111111  000000000 111111111  000000000 111111111  000000000 111111111  000000000 111111111   000  000  111  111  000  000  111  111  000  000  111  111  000  000  111  111  000  000  111  111  000  000  111  111   000  000  111  111  000  000  111  111  000  000  111  111  000  000  111  111  000  000  111 The labels of the faces of the tropical cyclic polytope C r,n are obtained by unshading the boxes on the paths so that the remaining shaded set still intersects every row and every column. For example, there are two 1−valent vertices with grids corresponding to the paths in Figure 7 (a). The two edges containing these vertices are the only maximal 1−faces, whose labels are obtained by unshading the lower right corner and the upper left corner, respectively.
We can identify a vertex of C r,n with the Young diagram above (or below) the corresponding path in the r × n grid. Then the 1−skeleton of C r,n is the Hasse diagram of the Young lattice of the Young diagram fitting in an (r − 1) × (n − 1) grid. The shaded part in the label of a k−dimensional face contains the diagonal steps as in Figure 8 (a) exactly k times because every time we shade in such a corner, the dimension goes down by one. By straightforward counting, we get that #k − faces in C r,n = r + n − k − 2 r − k − 1, n − k − 1, k as seen in Proposition 13. That is, out of the r + n − k − 2 steps we take from the lower left corner to the upper right corner, we take r − k − 1 steps up, n − k − 1 steps right, and k steps diagonally.
Proposition 19. The exponential generating function for the number M r,n,k of maximal k−faces of the tropical cyclic polytope C r,n equals r≥1,n≥1,z≥0 M r,n,k r!n!k! x r y n z k = ∂ ∂z exp (z(ye x − y + xe y − x − xy)) .
Similarly, the ordinary generating function is r≥1,n≥1,z≥0
M r,n,k x r y n z k = xy
Proof. A face is maximal if and only if the set of shaded boxes in the r × n grid does not contain any corners as in Figure 8 (b). Then M r,n,k is equal to the number of (k + 1)−tuples of either horizontal or vertical stripes of boxes, as in Figure 7 (b), such that the sum of the widths equals n and the sum of heights equals r. The proposition follows from basic properties of generating functions.
Moreover, every k−dimensional face contains precisely 2 k vertices because every diagonal step as in Figure 8 (a) gives 2 ways of shading in the corners, and there are exactly k such diagonal steps. From this it is easy to see that every k−dimensional face has the combinatorial structure of a k−dimensional hypercube. Therefore, the f −matrix of C n,r is very simple: f k,2 k = r+n−k−2 r−k−1,n−k−1,k , and all other entries are 0.
Conclusion and Future Directions
The methods we described can be applied to a wide range of combinatorial objects which are dual to triangulations of polytopes. For example, tight spans of finite metrics can be computed using the 2 × 2 minors of a symmetric metric. There are also many enumerative questions about tropical polytopes. For example, very little is known about the f −matrices.
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